
On the structure of blue phase III: Supplementary information

Here we provide further information on the free energy functional and the control parameters τ, κ, E (section A);
on resolution and on ‘redshift’, i.e., the parameter-dependent unit cell size of blue phases (section B); on the initial
conditions chosen for runs presented in the main text (sections C and D); on the conversion of simulation parameters
to physical units (section E); on the free energy comparison between different blue phases (section F); and on the
effect on field-response of changing the sign of the dielectric anisotropy (section G).

A. Free energy functional, chirality and reduced temperature

The thermodynamics of cholesteric blue phases can be described via a Landau-de Gennes free energy functional
F [Q] =

∫
d3rf(Q(r)). The free energy density we use, following [1], is:
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Here repeated indices are summed over and Q2
αβ stands for QαβQαβ etc. The first three terms are a bulk free

energy density whose overall scale is set by A0 (discussed further below); γ is a control parameter, related to reduced
temperature. Varying the latter in the absence of chiral terms (q0 = 0) gives an isotropic-nematic transition at γ = 2.7
with a mean-field spinodal instability at γ = 3. The next two terms in Eq.1 describe distortions of the order parameter
field. As is conventional [1, 2] we have assumed that splay, bend and twist deformations of the director are equally
costly; K is then the one elastic constant that remains. The parameter q0 is related via q0 = 2π/p0 to the pitch
length, p0, describing one full turn of the director in the cholesteric phase.

The remaining term accounts for the coupling to the electric field, Eα, and εa is the dielectric anisotropy. In the
text we considered the case εa > 0, whereas below we show what happens for negative dielectric constant.

The phase behaviour of blue phases (in the absence of noise due to thermal fluctuations, i.e., as computed by
minimization of F) may be shown to only depend on the following dimensionless parameters [1]:

τ = 27(1− γ/3)/γ (2)

κ =
√

108 K q2
0/(A0 γ)

E2 = (27εaEαEα)/(32πA0γ).

as used in the main text. These are referred to as reduced temperature, chirality and reduced field respectively. Note
that if f is made dimensionless, τ appears as prefactor of the term quadratic in Q, whereas κ quantifies the ratio
between bulk and gradient terms.

B. Resolution, unit cell size and ‘redshift’

In our simulations, each disclination core spans a few (typically 3-4) lattice sites. To confirm that the defect core is
adequately resolved, we have run selected simulations in which the resolution was doubled or quadrupled, and found
very similar values for the free energy. On this basis we assess that the typical error due to discretization for our main
runs is much smaller than the free energy difference between BPs.

In cubic BPs it is known that the equilibrium unit cell size is slightly different from (and typically slightly larger
than) the half pitch of the cholesteric liquid crystal, π/q0. To account for this, a ‘redshift’ factor r is introduced [3]
whose variation effectively allows free adjustment of the BP lattice parameter, Λ → Λ/r, despite the use of periodic
boundary conditions in our simulations. That is, to avoid changing the size of the simulation box, redshifting is
performed by an equivalent rescaling of the pitch parameter and elastic constant, q0 → q0/r and K → K r2. In
simulations aimed solely at free energy minimization, it is legitimate to make r a dynamic parameter and update it
on the fly to achieve this. At each time step one then selects the value of r for which the physical free energy density
is lowest. More details on this procedure are given in Ref. [3] where this scheme was first proposed.

We have used this dynamic updating of the redshift (i) in all single unit cell runs used to map out the free energy
curves, and (ii) in multi-unit cell dynamical runs after the final network was formed. Redshifting is essential in order
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to get accurate estimates for the free energy of the cubic blue phases, whose relative free energy differences between
phases is less than a percent of their typical values. With redshifting, the accuracy attainable is in principle limited
only by discretization error; without it, the dominant error is from mismatch between the preferred unit cell size and
the periodic boundary conditions. For amorphous networks, those conditions enforce a periodic structure (on the box
scale) with the aperiodic structure within that; redshifting likewise avoids any incommensurability between the two
length scales. Because of the constrained periodicity, the computed free energy for amorphous structures will always
be overestimated, despite which we find a window of thermodynamic stability for these with free energies lower than
the known ordered phases. (As usual we cannot rule out a still lower free energy for some other, unknown, ordered
phase.) Our use of redshift on all phases thus means that the true thermodynamic stability window of BPIII can only
be wider than the one found here.

C. Initial conditions: cubic blue phases

To accurately compute the free energy of cubic blue phases from single unit cell simulations, we must start from an
initial condition of the correct symmetry and disclination line topology. To this end, as discussed in Ref. [4], we can
adopt the form for Q(x, y, z) corresponding to the limiting form for each phase in the high chirality limit [1].

For BPI, with q′0 =
√

2q0, we then have initially:

Qxx ' −2 cos(q′0y) sin(q′0z) + sin (q′0x) cos (q′0z) + cos (q′0x) sin (q′0y)

Qxy '
√

2 cos (q′0y) cos (q′0z) +
√

2 sin (q′0x) sin (q′0z)− sin (q′0x) cos (q′0y)

Qxz '
√

2 cos(q′0x) cos(q′0y) +
√

2 sin(q′0z) sin(q′0y)− cos(q′0x) sin(q′0z)
Qyy ' −2 sin(q′0x) cos(q′0z) + sin(q′0y) cos(q′0x) + cos(q′0y) sin(q′0z)

Qyz '
√

2 cos(q′0z) cos(q′0x) +
√

2 sin(q′0y) sin(q′0x)− sin(q′0y) cos(q′0z). (3)

Likewise, for BPII we start from:
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Finally, for O5 we start from:
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This procedure was already discussed in Refs. [3, 4], where additional details can be found. Fig. S1 shows the unit
cell of O5 obtained after a full numerical minimisation (with redshift) starting from the high chirality limit detailed
above. To ensure that equilibrium was reached, before ending a run we required that the free energy did not change,
in two successive measurements, by more than an accuracy threshold (typically chosen as less than 0.1%).

In line with previous theoretical and numerical calculations [1, 4], we find that O5 is the equilibrium structure
at high enough chirality (see Fig. 2 in the main text). This is therefore expected within the free energy functional
formalism that we use. Given that O5 is not observed experimentally, it would be interesting to study its window of
thermodynamic stability by relaxing the one elastic constant approximation employed in this work.

D. Initial conditions: blue phase III

In the main text we presented configurations for our candidate blue phase III which were obtained by initialising the
system in the cholesteric phase in the presence of a low density (typically about 1-2 % in volume) of randomly placed
doubly twisted droplets. One may therefore wonder what happens when different initial conditions are selected.
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FIG. 1: Image of the unit cell of O5 after free energy minimization.

To address this question, we have performed additional runs starting from a different initial configurations, in which
the system was initialised in the isotropic phase (rather than in the cholesteric phase as in the main text), again in the
presence of a low density of randomly placed doubly twisted droplets. Fig. S2 shows the initial and final disclination
network in this case – it can be seen that the final state is very similar to the one shown in the main text. A minor
difference is that, in the case of an isotropic background, we found that the initial volume density of doubly twisted
impurities needs to be slightly larger for the network to grow. In no case did we find a free energy by this route that
was lower than the one resulting from the cholesteric initial condition. As shown in [5], finally, it is also possible to
generate locally stable aperiodic structures by placing a localized nucleus of BPI or II in a cholesteric or isotropic
matrix. These were found to have higher free energies than those reported here (but comparable with them).

To summarise, the kinetic stabilisation of amorphous networks occurs from a wide range of initial conditions,
including doubly twisted impurities inside a cholesteric (main text) or isotropic (background), and cubic blue phase
nuclei inside cholesteric or isotropic phases. Such a predicted stabilisation is therefore a very robust result of our
simulations.

E. Parameter mapping to physical units

Here we describe how simulation parameters are related to physical quantities in real BP materials. In order to get
from simulation to physical units, we need to calibrate scales of length, energy and time. We follow the methodology
of [5, 6]. First we define a set of lattice Boltzmann units (LBU) in which the lattice parameter `, the time step ∆t,
and a reference fluid mass density ρ0 are all set to unity. This is the set of units in which our algorithm is actually
written. The length scale calibration is straightforward, and fixed by the cholesteric pitch p0, which is typically in
the 100-500 nm range [1]. More precisely, in our simulations we set the unit cell of BPI/II to be 16 LBU; this gives
good resolution without wasting resource. Therefore the LBU of length (one lattice site) corresponds to, say, 10nm
in physical space.

To get an energy scale, we use the measurements cited in Appendix D of [1] which, as shown in [5] suggest:

27
2A0γ

∼ 2− 5× 10−6J−1 m3. (6)

From this relation (given that γ ' 3 close to the isotropic/cholesteric transition) we obtain that A0 ' 106 Pa. On
the other hand, our simulations typically use a value of A0 ' 0.01 LBU. This requires that the LBU of free energy
density is about 108 Pa in SI units. Therefore our choice of elastic constant, K = 0.01 LBU, equates to K = 10−10
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FIG. 2: Initial (left) and final (right, after 300,000 lattice Boltzmann steps) configuration for a run which is started with
randomly placed and oriented doubly twisted droplets, inside an isotropic background, as opposed to a cholesteric one as
presented in the main text. Also in this case we observe a final amorphous network, very similar to the one shown in Fig. 1 of
the main text.

N, corresponding to a Frank elastic constant K/2 = 50 pN which is sensible. (Note that as the value of A0 in general
varies, the exact mapping actually differs for different simulations).

For dynamical studies one can use the above results to calibrate the lattice Boltzmann time unit, and then crosscheck
that the resulting fluid density gives acceptable Reynolds numbers. This is indeed confirmed in [5] for our simulations,
which choose an order parameter mobility Γ = 0.3 LBU in the notation of that paper, and a fluid viscosity η = 1− 2
LBU. However, such considerations are not crucial in the current context where the dynamics need not be realistic,
so long as they accurately minimize F . To summarize the results above (and the additional discussion in [5]): our
simulations faithfully represent experimentally realisable BP-forming materials, subject to the interpretation of the
LBU for length, energy density and time are close to 10 nm, 100 MPa and 1 ns respectively.

F. Free energy comparisons

Table I shows the free energy obtained for our candidate blue phase III, blue phase II and O5, in a temperature–
chirality range somewhat larger than the one presented in the main text. (BPI is not competitive throughout this
region.) At two points in parameter space, the free energies (in bold) are lower for BPIII than any other structure.
For all other parameter sets in the Table, with the exception of one marked “CHOL”, the BPIII candidate remains
kinetically stable (when initiated from double-twist droplets in a cholesteric phase) even though it has higher free
energy than one or more ordered phases.

A difference in the tabulated values of ∆f̃ = 0.1 between phases (that is, ∆f = 10−6 LBU) corresponds, with
the parameter mapping detailed above, to a free energy difference per unit cell of around 10kBT per unit cell. This
assumes a cell size of 160 nm, which is at the low end for blue phases; for a cell of say 500 nm the difference would be
several hundreds kBT per cell. Adding thermal noise in the simulations (thereby weighting states by the Boltzmann
factor exp[−F/kBT ] rather than simply minimizing F) would be expected to create entropic shifts in the free energies
of order kBT per unit cell, reflecting configurational entropy and/or local order parameter fluctuations. These shifts
would likely favor the amorphous BPIII structure, but, by these estimates, will do so only marginally.

The above scaling of free energy densities via kBT per unit cell is useful when discussing fluctuation effects but
extraneous at the level of free energy minimization using the Landau - de Gennes functional, in which kBT does not
appear. In that context, it is more natural to express the differences in free energy density between phases in units of
either A0 or Kq2

0 . Since it relates to more easily measured quantities the latter scaling is preferable, and is followed
in Fig. 2 of the main text.
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τ κ γ A0 · 103 r - BPIII f̃(r) - BPIII r - O5 f̃(r) - O5 r - BPII f̃(r) - BPII

0 2 3 6.9396 1.097 -3.104 1.009 -3.048 0.908 -3.162
0 2.5 3 4.4413 1.090 -1.805 1.016 -1.828 0.914 -1.792
0 2.75 3 3.6705 1.049 -1.415 1.018 -1.466 0.917 -1.376
0 3 3 3.0843 1.097 -1.144 1.020 -1.192 0.919 -1.063

-0.25 1.75 3.0857 8.8122 1.100 -6.003 1.000 -5.784 0.903 -6.154
-0.25 2 3.0857 6.7468 1.103 -4.423 1.007 -4.292 0.907 -4.509
-0.25 2.25 3.0857 5.3308 1.093 -3.365 1.012 -3.302 0.911 -3.400
-0.25 2.5 3.0857 4.3180 1.085 -2.633 1.015 -2.597 0.914 -2.603
-0.25 2.6 3.0857 3.9922 1.091 -2.398 1.016 -2.376 0.916 -2.352
-0.25 2.75 3.0857 3.5686 1.043 -2.090 1.017 -2.093 0.917 -2.046
-0.25 3 3.0857 2.9986 1.096 -1.672 1.019 -1.715 0.919 -1.614
-0.5 1.75 3.1765 8.5604 1.026 -5.101 (CHOL) 0.996 -7.663 0.901 -8.167
-0.5 2 3.1765 6.5540 1.130 -5.873 1.004 -5.690 0.907 -6.016
-0.5 2.5 3.1765 4.1946 1.069 -3.502 1.013 -3.472 0.913 -3.546
-0.5 2.75 3.1765 3.4666 1.050 -2.770 1.016 -2.813 0.915 -2.799
-0.5 3 3.1765 2.9129 1.045 -2.251 1.018 -2.319 0.918 -2.235

TABLE I: Final free energy densities f̃(r) ≡ 105f in LBU. These are fully equilibrated (with redshift r as shown) for the ordered
phases, and are redshifted also for the runs initialized from double twisted droplets in a cholesteric background for BPIII. Bold
entries mark the free energies where BPIII is more stable than any of the ordered phases. (BPI is not competitive in this region
of parameter space.) Note that for all parameters shown here BPIII is kinetically stable when initialized as described, with the
exception of one low chirality run (marked CHOL) which reverted to a pure cholesteric state. All simulations were performed
with a resolution of 163 points for unit cell of BPI/II. Using 323 points per unit cell leads to the same ordering between phases,

with the following values for f̃(r), for κ = 2.5: -2.643 (BPII), -2.630 (O5), and -2.649 (BPIII): the latter value is an upper
bound as after 2 million time steps the free energy was still decreasing.

FIG. 3: Field-induced structure obtained when blue phase III is subjected to an electric field along the z axis, in the regime
analogous to the one explored in Fig. 3 of the main text, but this time with negative dielectric constant.

G. Dielectric anisotropy effect

In the main text, we have considered the response of our candidate blue phase III structure to an electric field,
assuming that the medium had a positive dielectric constant. We have also considered the case of negative dielectric
constant, which favors an ordering of the director field normal to the electric field direction. Also in this case we observe
ordering, although the final state is different, and consists of double helical disclinations parallel to the direction of
the field. This state is shown in Fig. S3.
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