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The cubic blue phases of liquid crystals are fascinating and technologically promising examples of hierarchically structured soft materials, comprising ordered networks of defect lines (disclinations)
within a liquid crystalline matrix. We present large-scale simulations
of their domain growth, starting from a blue phase nucleus within a
supercooled isotropic or cholesteric background. The nucleated
phase is thermodynamically stable; one expects its slow orderly
growth, creating a bulk cubic phase. Instead, we find that the strong
propensity to form disclinations drives the rapid disorderly growth
of a metastable amorphous defect network. During this process, the
original nucleus is destroyed; reemergence of the stable phase may
therefore require a second nucleation step. Our findings suggest
that blue phases exhibit hierarchical behavior in their ordering
dynamics, to match the hierarchy in their structure.
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T

he blue phases, BPI and BPII, of chiral nematic liquid crystals
can each be viewed as an ordered network of topological
defects (disclination lines), embedded within a liquid crystalline
matrix (a cholesteric) whose local molecular alignment axis
rotates helically on moving through the sample. Such phases were
long viewed as purely of academic interest, due to their extremely
narrow window of thermodynamic stability (of order 1 K) (1).
This view has changed completely with the recent development
of new compounds showing stable BPs over a 50 K interval, with
fast switching between different states (2, 3). Thus BPs now offer
a promising device technology not only for displays (4) but also
for laser applications (5, 6). To fully realize this potential requires
an understanding of how chiral nematic materials switch between
different structures. However, theoretical work on BPs has advanced relatively modestly since the late 1980s (1), and so far
there is almost no understanding of their phase-change kinetics.
This situation is partly because of computational challenges
which, despite pioneering progress using small systems (7–9),
have prevented the simulation of supraunit cell behavior in the
ordered BPI and BPII, and ruled out realistic simulation of a
third blue phase, the apparently amorphous (1) BPIII.
With the aid of supercomputers and a hybrid lattice Boltzmann
algorithm (10) we have recently overcome these difficulties,
enabling us to address systems hundreds of times larger than
the unit cell volume. This advance has allowed us to address elsewhere the motion of planar interfaces between competing phases
(11). By the same methods, we address below the domain growth
of the ordered BPs from an isolated nucleus of the stable phase.
We find that the growth process is unexpectedly interrupted by
the proliferation of a metastable BPIII-like structure. Thus the
system seemingly opts for speed rather than efficiency, lowering
its free energy rapidly by amorphous defect proliferation even at
the expense of the creation of barriers which prevent attainment
of the global free-energy minimum—which could have been
reached directly by a slower, orderly growth of the initial nucleus.
This finding, which may have wide implications for phase kinetics
in other multiscale soft materials (see, e.g., refs. 12 and 13), is
sharply different from some other instances where metastable

13212–13215 ∣ PNAS ∣ July 27, 2010 ∣ vol. 107 ∣ no. 30

phases intervene in phase ordering (“Ostwald’s rule”) as we
discuss below.
Experimentally, BPs are found adjacent to the cholesteric
phase which has local nematic orientational order, along a director that slowly rotates in space; in the cholesteric, there is a single
rotation axis and the wavelength in this direction is called the
pitch. (All these phases lie below the isotropic phase in temperature; see Fig. 1 for a phase diagram.) Unlike the cholesteric, the
BPs have director modulation in all directions and comprise an
interpenetrating lattice (BPI/II) or disordered network (BPIII) of
so-called double-twist cylinders (1). These accommodate a higher
degree of director twist than the simple cholesteric, at the price of
creating a complementary network of topological defects (disclination lines) on which the nematic ordering drops dramatically;
the resulting defect-lattice unit cells in BPI/II are shown in Fig. 1.
The blue phases are more stable than the simple cholesteric at
high enough molecular chirality.
It is known that, on the scale set by the isotropic-cholesteric
transition, the free-energy differences among BPs are relatively
small. Nonetheless, per unit cell, these differences typically remain
large compared to the thermal energy, kB T (1), suggesting only a
limited role for thermal noise in BPs (but see ref. 16 for a contrary
view). Thus one might expect strong hysteresis and metastability of
phases, observations which have not been reported experimentally
(1, 2, 3, 17). It is possible (18) that small nuclei of BPs persist on
heating far into the isotropic phase, allowing hysteresis-free
growth on reducing the temperature again. Whatever the source
of the required nuclei, simulation studies of their subsequent
growth can illuminate fundamental issues in phase transition
dynamics, as exemplified by previous work on hard-sphere colloids
(19, 20).
Our hybrid lattice Boltzmann technique is summarized in
Materials and Methods and in the SI Appendix, and detailed
elsewhere (10, 11, 21). Briefly, it marries a finite difference code
for the advective relaxation of the order parameter tensor QðrÞ
(with r spatial position) (22), governed by a suitable free-energy
functional F½Q (23), to an efficient parallel lattice Boltzmann
(LB) code for a forced Navier–Stokes equation for momentum
transport, like that used previously to simulate multiscale colloidal materials (24).
We have found in previous simulations (11) that a semiinfinite
slab of stable BPI or BPII will invade an adjacent region of supercooled isotropic or cholesteric phase. In the present work, we
extend these studies to the more realistic case of a localized
nucleus, comprising a few unit cells (typically eight) of the stable
BP. This nucleus is prepared by excising it numerically from a
periodic BPI or II, placing it within the chosen environment,
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nealing is done very close to the coexistence boundary between
phases, where there is no tendency for the nucleus to grow; during
annealing, its surface reconstructs to achieve local equilibrium
with the surrounding phase. We then quench the system, altering
the reduced temperature τ and/or dimensionless chirality κ
(defined in the SI Appendix), so that the nucleated BP is now
the equilibrium structure. In most of our simulations there is
no thermal noise; adding modest amounts of noise makes quantitative but not qualitative differences to our findings (with one
exception detailed below).
Fig. 2 A–C shows the time evolution of a BPII seed in an isotropic environment. Depicted is an “isosurface” at a fixed small
magnitude of nematic order (defined through the largest eigenvalue 0 < q < 1 of the order parameter tensor Q; see Materials
and Methods). In a bulk BP, this representation allows unambiguous imaging of the disclinations, each of which is wrapped by a

thin tube of the isosurface. Here, because there is no nematic
order in the external phase, this isosurface envelops the growing
nucleus; to expose the structure within, we omit in Fig. 2B the
front section of the growing droplet. Although there is residual
cubic anisotropy (smaller with thermal noise than without), the
phase formed does not have the long-range order of BPII; it is
instead an amorphous, aperiodic network. This disorder is also
visible in the structure factor CðkÞ shown in Fig. 2D. By the
end of the run, no trace remains of the initial nucleus.
Fig. 3 shows a similar sequence for a BPI seed in a cholesteric
matrix. The pattern of evolution is similar, although the residual
anisotropy is no longer cubic (Fig. 3D), as befits the lowered initial
symmetry. The dynamics of the defect proliferation can be clarified further by using instead an extended rod-like nucleus of
square cross-section, whose long axis spans the periodic simulation
box. When viewed along that axis (Fig. 4), the noise-free growth of

Fig. 2. Domain growth of a BPII droplet in isotropic environment. The droplet was equilibrated near the BPII-isotropic boundary and then quenched to
τ ¼ 0, κ ¼ 2, where BPII is the equilibrium phase. The pictures show isosurfaces (q ¼ 0.13) of the scalar order parameter during equilibration, and at
intermediate and late times (t ¼ 4 × 103 ; t ¼ 7.6 × 104 ; t ¼ 6 × 105 ) (A–C).
(For typical materials, the simulation time step corresponds to ∼1 ns.) (D)
A cut through the structure factor of the final state at kz ¼ 0 for wavevectors
kx and ky in ½−π∕2ℓ;π∕2ℓ. Here ℓ is the discretization length of the LB lattice
(about 10 nm for typical materials).

Fig. 3. Domain growth of a BPI droplet in cholesteric environment. The droplet was equilibrated near the cholesteric-BPI boundary and then quenched
to τ ¼ −0.5, κ ¼ 1.2, where BPI is the equilibrium phase. The pictures show
isosurfaces (q ¼ 0.2) of the scalar order parameter immediately after the
quench at t ¼ 2.4 × 104 time steps (A), and at two later stages, t ¼ 5 × 105
and t ¼ 6 × 105 (B and C). The top left half in D is a cut through the structure
factor CðkÞ of the final state (C) along ky ¼ 0 for kx ≤ kz in the interval
½−π∕2ℓ;π∕2ℓ, whereas the bottom right half depicts a cut along at kz ¼ 0
for kx ≥ ky in the same range.
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Fig. 1. Disclination network of the crystalline blue phases BPI (Left) and BPII (Center). The pictures show eight unit cells, two along every coordinate direction.
(Right) Computed phase diagram in the plane spanned by chirality (κ) and reduced temperature (τ) (chirality and reduced temperature are defined in the
SI Appendix). The dotted arrows show the various quenches used in Figs. 2–5, from states close to a phase boundary to the final parameters at which domain
growth occurs. At high chiralities, BPII becomes unstable relative to either the O5 structure or the BPIII structure (not shown here, see the discussion in the
SI Appendix). Experimentally, the BPII region ends on a phase boundary to BPIII that terminates at the low τ end with a BPI/BPII/BPIII triple point and at the high
τ end with a BPII/BPIII/isotropic triple point (1, 14). At higher chirality still, the BPIII/isotropic phase boundary is found to terminate in a critical point (14, 15).
Owing to computational limitations, these parts of the phase diagram have not been explored in our simulations.

the disclination pattern, though aperiodic, retains the symmetry of
the initial state. Addition of thermal noise allows this symmetry to
break and increases the rate at which order is lost (see SI Appendix,
Fig. S1); this loss of symmetry is the expected consequence of adding weak noise to a time evolution governed by deterministic, but
probably chaotic, dynamics. Finally, in Fig. 5 we show growth of a
BPI seed in an isotropic environment. In this case, the quench
parameters are the same as in Fig. 2, so that the nucleated phase
BPI is metastable, with BPII stable. As before, an amorphous network forms in preference to either ordered phase. Movies S1, S2,
S3, and S4 show the complete time evolutions corresponding to
Figs. 2–5.
These results demonstrate that seeding a supercooled isotropic
or cholesteric phase with a small BPI or BPII nucleus leads to
growth, not of the stable phase, but of metastable, amorphous
networks. Although clearly BPIII-like, these states probably do
not belong to a metastable branch of BPIII itself (see below
and SI Appendix). A more important question, especially given
the observed reversibility of the experimental phase diagram,
is whether such amorphs can thereafter become ordered. We find
that, at least for low chirality (κ ≲ 2), this transformation is not
spontaneous: without noise, the system relaxes almost to a standstill, suggesting that a second nucleation is needed to reach equilibrium. We thus tried directly reinserting a BPI/II nucleus similar
to the initial one; the nucleus disappears, indicating that the critical nucleus for this step is relatively large. At higher chirality, we
see instead continuous ripening of the amorph toward a longrange ordered phase (SI Appendix, Fig. S2). However, this structure is not BPI or II, but another phase (O5 ) long predicted by
theory (1) but not yet seen experimentally. More generally, our
findings admit a variety of kinetic pathways that might connect
the metastable amorph formed initially to BPI/II, although in
some cases this final equilibration might not be observable on
any experimental timescale.
At first sight, our results are reminiscent of Ostwald’s rule of
stages (25), whereby nucleation is asserted to proceed through a

Fig. 4. Domain growth of a BPI rod in cholesetric environment. The nucleus
was equilibrated close to the BPI-isotropic boundary and then quenched to
τ ¼ −0.5, κ ¼ 1.35. The pictures show isosurfaces (q ¼ 0.2) of the scalar order
parameter immediately after the quench at t ¼ 2.4 × 104 time steps (A), and
at two later stages t ¼ 2 × 105 and t ¼ 3 × 105 (B and C). (D) The structure
factor of state (C) at kz ¼ 0 for wavevectors kx (horizontal axis) and kz
(vertical axis) in the interval ½−π∕2ℓ;π∕2ℓ.
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series of metastable phases, starting with the one whose free
energy lies closest to (but below) that of the initial bulk. There
is however no simple link: Ostwald’s rule is normally attributed to
having a higher barrier for nucleating the final structure directly
(26), whereas our simulations begin with a suitable nucleus
already present. Moreover, we have performed simulations with
τ and/or κ adjusted (SI Appendix, Tables S1 and S2) to ensure that
the initially nucleated ordered BP now lies closest in free energy
to the initial isotropic phase. An amorphous network still forms,
now with free energy lower than the nucleated phase, in contradiction to Ostwald’s rule.
Before concluding, we comment further on the relation
between the observed amorphous end-state structures and BPIII.
As described further in the SI Appendix, we have found that the
metastable amorphous structures produced by our quenches have
a somewhat higher free energy than similar structures created by
an entirely different kinetic pathway. If BPIII is indeed an amorphous phase (14, 15) then it must be that of lowest free energy, at
least in regions of the phase diagram for which it is stable. Plausibly, this reasoning also holds in regions where BPIII is only metastable, in which case our amorphs cannot be classified as BPIII.
Although in principle more than one amorphous BP might exist,
it seems more likely that our end-states represent glassy configurations whose free energy remains higher than BPIII (on simulated timescales) because of local kinetic barriers rather than a
thermodynamic phase boundary.
In conclusion, we have shown that the growth of a nucleus of
an ordered BP within an isotropic or cholesteric matrix is generally interrupted by proliferation of a metastable amorph, despite
the fact that this creates a barrier to formation of the equilibrium
phase which could, however, have been created directly from the
initial nucleus, whose structure it shares. Our results illustrate the
subtle character of domain growth in soft materials exhibiting

Fig. 5. Domain growth of a BPI droplet in an isotropic environment. The
droplet was equilibrated close to the isotropic-BPI boundary and then
quenched to τ ¼ 0, κ ¼ 2, where BPII is stable. (See phase diagram in Fig. 1.)
The pictures show isosurfaces (q ¼ 0.13) of the scalar order parameter:
During the equilibration and at intermediate and late times (t ¼ 4 × 103 ;
t ¼ 1.2 × 105 ; t ¼ 6 × 105 ) (A–C). (B) The growing domain has been cut at
y ¼ 32 to reveal the internal structure. A cut at kz ¼ 0 through the structure
factor CðkÞ of the final state is depicted in D. The section shown corresponds
to wavevectors kx (horizontal axis) and ky (vertical axis) in the interval
½−π∕2ℓ;π∕2ℓ.
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Materials and Methods
Equations of Motion. The free-energy functional (23), and the equations of
motion (22) deriving from it, are presented in the SI Appendix. As detailed
there, the control parameters of the free-energy functional are conventionally chosen as τ, a reduced temperature, and κ, a dimensionless chirality. We
also report there our estimates of the free-energy differences among BPs and
specify the way in which thermal noise is introduced.
Quench Details. For each quench shown in Figs. 2–5, we report in SI Appendix,
Table S2 the free-energy densities for the stable BPI/II phases and for the metastable BPIII-like end state. Every simulation comprised two separate parts,
namely the creation and equilibration of the initial configuration, followed
by a quench in temperature and/or chirality. In order to generate an equilibrated nucleus, we started from the analytically known structures (1) that
describe the infinite chirality limits of BPI and BPII and first evolved these
for 2,000 time steps at the chosen initial κ and τ. This creates an equilibrium
bulk phase at those parameters. Then we replaced the tensor order parameter at all sites outside of a cube comprising eight BP unit cells, situated
at the center of the simulation box, with either a cholesteric or an isotropic
configuration. This creates a nucleus of BP crystal within the required phase,
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but the nucleus has sharply cut surfaces that could have unrealistically high
surface energy, perturbing the subsequent dynamics. This state was therefore
equilibrated in a second stage for another 18,000 time steps, maintaining τ
and κ at the chosen initial values, which lie just within the BP equilibrium
region but very close to the coexistence line with the surrounding phase.
By this process, we allowed the surface structure and shape of the BP nucleus
to equilibrate locally, without initiating significant domain growth. After the
equilibration was finished, we performed a sudden quench to parameter
values further away from the phase boundary, thereby initiating the domain
growth. Note that for technical reasons (the requirement of fitting a whole
number of unit cells into the simulated domain), when nucleation is done
within a cholesteric matrix, the cholesteric pitch, postquench, is not the
optimal one. The same would apply in generic laboratory conditions
involving samples of fixed geometry where a pure temperature quench will
typically alter q0 as well as both τ and κ.
Structural Visualization. The openDX software package was applied to the
simulated qðrÞ data to create the constant-q isosurfaces shown in
Figs. 1–5. Choosing a small finite q renders the disclination lines as tubes
without topological ambiguity; the visually optimal choice of q depends
on the structure being viewed. The structure factor CðkÞ is defined as
jqðkÞj2 with qðkÞ the Fourier transform of qðrÞ computed using standard
methods.
Computational Resources. A typical computational run time was 5–10 h on 512
quad-core nodes of an IBM Blue Gene/P system, using an LB lattice of 1283
sites capable of containing around 500 BPI/II unit cells. For typical cholesteric
materials, the LB lattice spacing corresponds to about 10 nm, and the time
step about 1 ns (SI Appendix). Similar parameter mappings arise in LB simulations of hierarchical colloidal materials (24).
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hierarchical ordering in equilibrium. For BPs, the hierarchy of
organizations is as follows: local cholesteric ordering, defect formation within the cholesteric matrix, and long-range organization
of the defects into a periodic lattice. Our results suggest a corresponding multistage time evolution, which can easily get stuck at
an intermediate level in the hierarchy. Once the amorphous defect network has formed, the energetics is already optimized at
the first two levels; the driving force for creating an ordered
BPI/II superstructure is then relatively weak, and the barriers
high. Conversely, the final thermodynamic preference for that ordered structure, even if a nucleus of it is initially present, is apparently swept aside in the rush to create disclinations during the
earlier defect-proliferation stage. These findings may have wide
implications for the phase ordering dynamics of multiscale soft
materials—increasingly relevant to nanotechnology, photonics,
and display applications—of which the blue phases offer striking
and elegant examples.

