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We consider a model dense colloidal dispersion at the glass transition, and investigate the
connection between equilibrium stress fluctuations, seen in linear shear moduli, and the shear
stresses under strong flow conditions far from equilibrium, viz., flow curves for finite shear rates. To
this purpose, thermosensitive core-shell particles consisting of a polystyrene core and a cross-linked
poly�N-isopropylacrylamide� shell were synthesized. Data over an extended range in shear rates and
frequencies are compared to theoretical results from integrations through transients and mode
coupling approaches. The connection between nonlinear rheology and glass transition is clarified.
While the theoretical models semiquantitatively fit the data taken in fluid states and the predominant
elastic response of glass, a yet unaccounted dissipative mechanism is identified in glassy states.
© 2008 American Institute of Physics. �DOI: 10.1063/1.2921801�

I. INTRODUCTION

Complex fluids and soft materials, in general, are char-
acterized by a strong variability in their rheological and elas-
tic properties under flow and deformations.1 Within the linear
response framework, storage and loss �shear� moduli de-
scribe elastic contributions in solids and dissipative pro-
cesses in fluids. Both moduli are connected via Kramers–
Kronig relations and result from Fourier transformations of a
single time-dependent function, the shear modulus glr�t�. Im-
portantly, the linear response modulus glr�t� itself is defined
in the quiescent system and �only� describes the small shear-
stress fluctuations always present in thermal equilibrium.1,2

Viscoelastic materials exhibit both, elastic and dissipa-
tive, phenomena depending on external control parameters
such as temperature and/ or density. The origins of the
change between fluid, and solidlike behaviors can be mani-
fold, including phase transitions of various kinds. One
mechanism existent quite universally in dense systems is the
glass transition, that structural rearrangements of particles
become progressively slower.3 It is accompanied by a struc-
tural relaxation time, which dramatically grows. Maxwell
was the first to phenomenologically describe this fluid-solid
transition. Dispersions consisting of colloidal, slightly poly-
disperse �near� hard spheres, arguably constitute one of the
most simple viscoelastic systems, where a glass transition
has been identified. It has been studied in detail by dynamic
light scattering measurements,4–11 confocal microscopy,12

and linear13,14 and nonlinear rheologies.15–22 Computer simu-
lations are available also.23–25 Mode coupling theory �MCT�
has provided a semi-quantitative explanation of the observed
glass transition phenomena, albeit neglecting aging effects26

and decay processes at ultralong times that may cause �any�
colloidal glass to ultimately flow.3,27,28 Importantly, MCT
predicts a purely kinetic glass transition and describes it us-
ing only equilibrium structural input, namely, the equilibrium
structure factor Sq �Refs. 2 and 29� measuring thermal den-
sity fluctuations.

The stationary, nonlinear rheological behavior under
steady shearing provides additional insight into the physics
of dense colloidal dispersions.1,2 A priori it is not clear,
whether the mechanisms relevant during glass formation also
dominate the nonlinear rheology. Solvent mediated interac-
tions �hydrodynamic interactions�, which do not affect the
equilibrium phase diagram, may become crucially important.
Also, shear may cause ordering or layering of the particles.30

Simple phenomenological relations between the frequency
dependence of the linear response and the shear rate depen-
dence of the nonlinear response, such as the Cox–Merz rule,
have been formulated, but often lack firm theoretical support
or are limited to special shear histories.1,31

On the other hand, within a number of theoretical ap-
proaches, a connection between steady state rheology and the
glass transition has been suggested. Brady32 worked out a
scaling description of the rheology based on the concept that
the structural relaxation arrests at random close packing. In
the soft glassy rheology model, the trap model of glassy
relaxation by Bouchaud was generalized to describe me-
chanical deformations and aging.33–35 The mean field ap-
proach to spin glasses was generalized to systems with bro-
ken detailed balance in order to model flow curves of glasses
under shear.36,37 The application of these novel approaches to
colloidal dispersions has led to numerous insights, but has
been hindered by the use of unknown parameters in the ap-
proaches. MCT, also, was generalized to include effects of
shear,38–40 and, within the integrations through transients
�ITT� approach, to quantitatively describe all aspects of sta-
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tionary states under steady shearing.41–43 Some aspects of the
ITT approach to flow curves have already been tested,22,44

but the connection, central in the approach, between fluctua-
tions around equilibrium and the nonlinear response, has not
been experimentally investigated up to now.

In the present contribution, we explore the connection
between structural relaxation close to glassy arrest and the
rheological properties far from equilibrium. Thereby, we cru-
cially test the ITT approach, which aims to unify the under-
standing of these phenomena. It requires, as sole input, in-
formation on the equilibrium structure �namely Sq�, and, first
gives a formally exact generalization of the shear modulus to
finite shear rates, g�t , �̇�, which is then approximated in a
consistent way. We investigate a model dense colloidal dis-
persion at the glass transition, and determine its linear and
nonlinear rheologies. Thermosensitive core-shell particles
consisting of a polystyrene core and a crosslinked
poly�N-isopropylacrylamide� �PNIPAM� shell were synthe-
sized and their dispersions characterized in detail.22,45 Data
over an extended range in shear rates and frequencies are
compared to theoretical results from MCT and ITT.

This paper is organized as follows: Section II summa-
rizes the equations of the microscopic ITT approach in order
to provide a self-contained presentation of the theoretical
framework. In Sec. III, some of the universal predictions of
ITT are discussed in order to describe the phenomenological
properties of the nonequilibrium transition studied in this
work. Building on the universal properties, Sec. IV intro-
duces a simplified model, which reproduces the phenomenol-
ogy. Section V introduces the experimental system. Section
VI contains the main part of the present work, the compari-
son of combined measurements of the linear and nonlinear
rheologies of the model dispersion with calculations in mi-
croscopic and simplified theoretical models. A short sum-
mary concludes this paper, while the Appendix presents an
extension of the simplified model used in the main text.

II. MICROSCOPIC APPROACH

We consider N spherical particles with radius RH dis-
persed in a volume V of solvent �viscosity �s� with imposed
homogeneous, and constant linear shear flow. The flow ve-
locity points along the x-axis and its gradient along the
y-axis. The motion of the particles �with positions ri�t� for
i=1, . . . ,N� is described by N coupled Langevin equations as
follows:29

��dri

dt
− vsolv�ri�� = Fi + fi. �1�

Solvent friction is measured by the Stokes friction coefficient
�=6��sRH. The N vectors Fi=−� /�riU��r j�� denote the in-
terparticle force on particle i deriving from potential interac-
tions with all other particles; U is the potential energy that
depends on all particles’ positions. The solvent shear flow is
given by vsolv�r�= �̇yx̂, and the Gaussian white noise force
satisfies �with � and � denoting directions�

	f i
��t�f j

��t��
 = 2�kBT����ij��t − t�� ,

where kBT is the thermal energy. Each particle experiences
interparticle forces, solvent friction, and random kicks. Inter-
action and friction forces on each particle balance on aver-
age, so that the particles are at rest in the solvent on average.
The Stokesian friction is proportional to the particle’s motion
relative to the solvent flow at its position; the latter linearly
varies with y. The random force on the level of each particle
satisfies the fluctuation dissipation relation.

An important approximation in Eq. �1� is the neglect of
hydrodynamic interactions, which would arise from the
proper treatment of the solvent flow around moving
particles.2,29 In the following, we will argue that such effects
can be neglected at high densities where interparticle forces
hinder and/or prevent structural rearrangements, and where
the system is close to arrest into an amorphous, metastable
solid. Another important approximation in Eq. �1� is the as-
sumption of a given, constant shear rate �̇, which does not
vary throughout the �infinite� system. We start with this as-
sumption in the philosophy that, first, homogeneous states
should be considered, before heterogeneities and confine-
ment effects are taken into account. All difficulties in Eq. �1�
thus are connected to the many-body interactions given by
the forces Fi, which couple the N Langevin equations. In the
absence of interactions, Fi�0, Eq. �1� leads to superdiffu-
sive particle motion termed “Taylor dispersion.”29

While formulation of the considered microscopic model
handily uses Langevin equations, theoretical analysis pro-
ceeds more easily from the reformulation of Eq. �1� as
Smoluchowski equation. It describes the temporal evolution
of the distribution function ���ri� , t� of the particle positions

�t���ri�,t� = 	���ri�,t� , �2�

employing the Smoluchowski operator2,29

	 = �
j=1

N D0
�

�r j
� �

�r j
−

1

kBT
F j� − �̇

�

�xj
yj� , �3�

built with the �bare� diffusion coefficient D0=kBT /� of a
single particle. We assume that the system relaxes into a
unique stationary state at long times, so that ��t→
�=�s

holds. Homogeneous, amorphous systems are studied so that
the stationary distribution function �s is translationally in-
variant but anisotropic. Neglecting aging, the formal solution
of the Smoluchowski equation within the ITT approach can
be brought into the form41,43

�s = �e +
�̇

kBT
�

0




dt �e �xye
	†t, �4�

where the adjoint Smoluchowski 	† operator arises from
partial integrations. It acts on the quantities to be averaged
with �s. �e denotes the equilibrum canonical distribution
function, �e�e−U/�kBT�, which is the time-independent solu-
tion of Eq. �2� for �̇=0; in Eq. �4�, it gives the initial distri-
bution at the start of shearing �at t=0�. The potential part of
the stress tensor �xy =−�i=1

N Fi
xyi entered via 	�e= �̇�xy�e.

The simple, exact result of Eq. �4� is central to the ITT ap-
proach as it connects steady state properties to time integrals
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formed with the shear-dependent dynamics. The latter con-
tains slow intrinsic particle motion.

In ITT, the evolution towards the stationary distribution
at infinite times is approximated by following the slow struc-
tural rearrangements, encoded in the transient density cor-
relator q�t�. It is defined by41,43

q�t� =
1

NSq
	��q

*e	†t��q�t�
��̇=0�. �5�

It describes the fate of an equilibrium density fluctuation
with wavevector q, where �q=� j=1

N eiq·rj, under the combined
effect of internal forces, Brownian motion, and shearing.
Note that because of the appearance of �e in Eq. �4�, the
average in Eq. �5� can be evaluated with the equilibrium
canonical distribution function, while the dynamical evolu-
tion contains Brownian motion and shear advection. The nor-
malization is given by Sq, the equilibrium structure factor2,29

for wavevector modulus q= �q�. The advected wavevector en-
ters in Eq. �5� as follows:

q�t� = q − �̇tqxŷ , �6�

where unit-vector ŷ points in the y-direction. The time de-
pendence in q�t� results from the affine particle motion with
the shear flow of the solvent. Translational invariance under
shear dictates that at a time t later, the equilibrium density
fluctuation ��

q
* has a nonvanishing overlap only with the

advected fluctuation ��q�t�; see Fig. 1, where a nondecorre-
lating fluctuation is sketched under shear. In the case of van-
ishing Brownian motion, viz., D0=0 in Eq. �3�, we find
q�t��1, because the advected wavevector takes account of
simple affine particle motion.46 The relaxation of q�t� thus
heralds decay of structural correlations. Within ITT, the time
integral over such structural decorrelations provides an ap-
proximation to the stationary state as follows:

�s � �e +
�̇

2kBT
�

0




dt�
k

kxkySk�

kNSk�t�
2 k

2�t���e�k�t�
* �k�t�� ,

�7�

with Sk�=�Sk /�k.49 The last term in brackets in Eq. �7� ex-
presses that the expectation value of a general fluctuation A
in ITT approximation contains the �equilibrium� overlap with
the local structure, 	�

k
*�kA
��̇=0�. The difference between the

equilibrium and stationary distribution functions then fol-
lows from integrating over time the spatially resolved �viz.,
wavevector dependent� density variations.

The general results for �s, the exact one of Eq. �4� and
the approximation Eq. �7�, can be applied to compute station-
ary expectation values, for example, the thermodynamic
transverse stress, ���̇�= 	�xy
 /V. Equation �4� leads to an
exact nonlinear Green–Kubo relation

���̇� = �̇�
0




dt g�t,�̇� , �8�

where the generalized shear modulus g�t , �̇� depends on
shear rate via the Smoluchowski operator from Eq. �3� as
follows:

g�t,�̇� =
1

kBTV
	�xye

	†t�xy
��̇=0�. �9�

In ITT, the slow stress fluctuations in g�t , �̇� are approxi-
mated by following the slow structural rearrangements, en-
coded in the transient density correlators. The generalized
modulus becomes, using the approximation �7�, or, equiva-
lently, performing a mode coupling approximation,39,41,42

g�t,�̇� =
kBT

2
� d3k

�2��3

kx
2kyky�t�
kk�t�

Sk�Sk�t��

Sk�t�
2 k

2�t� . �10�

Summation over wavevectors has been turned into integra-
tion in Eq. �10� considering an infinite system.

The familiar shear modulus of linear response theory
describes thermodynamic stress fluctuations in equilibrium,
and is obtained from Eqs. �9� and �10� by setting �̇=0.1,2,50

While Eq. �9� then gives the exact Green–Kubo relation, the
approximation �10� turns into the well-studied MCT formula.
For finite shear rates, Eq. �10� describes how affine particle
motion causes stress fluctuations to explore shorter and
shorter length scales. There, the effective forces, as measured
by the gradient of the direct correlation function, Sk� /Sk

2

=nck�=n�ck /�k, become smaller, and asympotically vanish,
ck→
� →0; the direct correlation function ck is connected to
the structure factor via the Ornstein–Zernicke equation Sk

=1 / �1−nck�, where n=N /V is the particle density. Note that
the equilibrium structure suffices to quantify the effective
interactions, while shear just pushes the fluctuations around
on the “equilibrium energy landscape.”

Structural rearrangements of the dispersion affected by
Brownian motion are encoded in the transient density cor-
relator. Shear induced affine motion, viz., the case D0=0, is
not sufficient to cause k�t� to decay. Brownian motion of
the quiescent correlator k

��̇=0��t� leads at high densities to a
slow structural process, which arrests at long times in �meta-

FIG. 1. Shear advection of a fluctuation with initial wavevector in
x-direction, q�t=0�=q�1,0 ,0�T, and advected wavevector at later time
q�t�0�=q�1,−�̇t ,0�T. At all times, q�t� is perpendicular to the planes of
constant fluctuation amplitude. Note that the magnitude q�t�=q�1+ ��̇t�2

increases with time. Brownian motion, neglected in this sketch, would smear
out the fluctuation.

204902-3 Shear stresses of colloidal dispersions J. Chem. Phys. 128, 204902 �2008�

Downloaded 22 Sep 2010 to 129.215.74.67. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



stable� glass states. Thus, the combination of structural relax-
ation and shear is interesting. The interplay between intrinsic
structural motion and shearing in k�t� is captured by �i� a
formally exact Zwanzig–Mori type equation of motion, and
�ii� a mode coupling factorization in the memory function
built with longitudinal stress fluctuations.41,43 The equation
of motion for the transient density correlators is

�tq�t� + �q�t��q�t� + �
0

t

dt�mq�t,t���t�q�t��� = 0,

�11�

where the initial decay rate �q�t�=D0q2�t� /Sq�t� generalizes
the familiar result from linear response theory to advected
wavevectors; it contains Taylor dispersion. The memory
equation contains fluctuating stresses and, similarly to g�t , �̇�
in Eq. �7�, is calculated in mode coupling approximation

mq�t,t�� =
1

2N
�
k

Vqkp�t,t��k�t���t − t��p�t���t − t�� ,

�12�

where we abbreviated p=q−k. The vertex generalizes the
expression in the quiescent case41

Vqkp�t,t�� =
Sq�t�Sk�t��Sp�t��

q2�t�q2�t��
Vqkp�t�Vqkp�t�� ,

�13�
Vqkp�t� = q�t� · �k�t�nck�t� + p�t�ncp�t�� .

With shear, wavevectors in Eq. �13� are advected according
to Eq. �6�.

Equations �7�, �11�, and �12�, with the specific example
of the generalized shear modulus�10�, form a closed set of
equations determining rheological properties of a sheared
dispersion from equilibrium structural input.41,43 Only the
static structure factor Sq is required to predict �i� the time-
dependent shear modulus within linear response, glr�t�
=g�t , �̇=0�, and �ii� the stationary stress ���̇� from Eq. �8�.
The loss and storage moduli of small amplitude oscillatory
shear measurements1,2 follow from Eq. �9� in the linear re-
sponse case �i�

G���� + iG���� = i��
0




dt e−i�t g�t,�̇ = 0� . �14�

While, in the linear response regime, modulus and density
correlator are measurable quantities, outside the linear re-
gime, both quantities serve as tools in the ITT approach only.
The transient correlator and shear modulus provide a route to
the stationary averages, because they describe the decay of
equilibrium fluctuations under external shear, and their time
integral provides an approximation for the stationary distri-
bution function, see Eq. �7�. Determination of the frequency-
dependent moduli under large amplitude oscillatory shear
has become possible recently only,51 and requires an exten-
sion of the present approach to time-dependent shear rates in
Eq. �3�.52

III. UNIVERSAL ASPECTS

The summarized microscopic ITT equations contain a
bifurcation in the long-time behavior of q�t�, which corre-
sponds to a nonequilibrium transition between a fluid and a
shear-molten glassy state; it is described in this section.
Close to the transition, �rather� universal predictions can be
made about the nonlinear dispersion rheology and the steady
state properties. The central predictions are introduced in this
section and summarized in the overview in Fig. 2. It is ob-
tained from the schematic model, which is also used to ana-
lyze the data, and which is introduced in Sec. IV.

FIG. 2. �Color� Overview of the properties of the F12
��̇�-model characteristic

for the transition between fluid and yielding glass. The upper panel shows
numerically obtained transient correlators �t� for �=0.01 �black curves�,
�=0 �red�, �=−0.005 �green�, and �=−0.01 �blue�. The shear rates are
��̇ /��=0 �thick solid lines�, ��̇ /��=10−6 �dotted lines�, and ��̇ /��=10−2

�dashed lines�. For the glass state at �=0.01 �black�, ��̇ /��=10−8 �dashed-
dotted line� is also included. All curves were calculated with �c=0.1 and
�
=0. The thin solid lines give the factorization result �15� with scaling
functions G for ��̇ /��=10−6; label a marks the critical law �17�, and label b
marks the von Schweidler law �18�. The critical glass form factor fc is
indicated. The inset shows the flow curves for the same values for �. The
thin black bar shows the yield stress �c

+ for �=0. The lower panel shows the
viscoelastic storage �solid line� and loss �broken line modulus for the same
values of ��. The thin green lines are the Fourier-transformed factorization
result �15� with scaling function G taken from the upper panel for
�=−0.005. The dashed-dotted lines show the fit formula �29� for the spec-
trum in the minimum region with Gmin /v�=0.0262, �min /�=0.000 457 at
�=−0.005 �green� and Gmin /v�=0.0370, �min /�=0.00105 at �=−0.01
�blue�. The elastic constant at the transition G


c is also marked, while the
high frequency asymptote G
� =G���→
� is not explicitly labeled.
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A dimensionless separation parameter � measures the
distance to the transition which is situated at �=0. A fluid
state ���0� possesses a �Newtonian� viscosity, �0���0�
=lim�̇→0���̇� / �̇, and shows shear thinning upon increasing
�̇. Via the relation �0=lim�→0G���� /�, the Newtonian vis-
cosity can also be taken from the loss modulus at low fre-
quencies, where G���� dominates over the storage modulus.
The latter varies like G���→0���2. A glass ���0�, in the
absence of flow, possesses an elastic constant G
, which can
be measured in the elastic shear modulus G���� in the limit
of low frequencies, G���→0,��0�→G
���. Here, the stor-
age modulus dominates over the loss one, which drops like
G���→0���. �Note that the high frequency modulus G
�
=G���→
� is characteristic of the particle interactions,53

and exists in fluid and solid states.� Enforcing steady shear
flow melts the glass. The stationary stress of the shear-
molten glass always exceeds a �dynamic� yield stress. For
decreasing shear rate, the viscosity increases like 1 / �̇, and
the stress levels off onto the yield-stress plateau,
���̇→0,��0�→�+���.

Close to the transition, the zero-shear viscosity �0, the
elastic constant G
, and the yield stress �+ show universal
anomalies as functions of the distance to the transition: The
viscosity diverges in a power-law �0��→0− ���−��−� with
material dependent exponent � around 2–3, the elastic con-
stant increases like a square-root G
��→0+ �−G


c ���, and
the dynamic yield stress �+��→0+ � also increases with in-
finite slope above its value �c

+ at the bifurcation. The quan-
tities G


c and �c
+ denote the respective values at the transition

point �=0, and measure the jump in the elastic constant and
in the yield stress at the glass transition; in the fluid state,
G
���0�=0 and �+���0�=0 hold.

The described results follow from the stability analysis
of Eqs. �11� and �12� around an arrested, glassy structure fq

of the transient correlator.41,42 Considering the time window
where q�t� is metastable and close to arrest at fq, and taking
all control parameters such as density, temperature, etc., to
be close to the values at the transition, the stability analysis
yields the “factorization” between spatial and temporal de-
pendencies as follows:

q�t� = fq
c + hq G�t/t0,�,�̇t0� + ¯ , �15�

where the �isotropic� glass form factor fq
c and critical ampli-

tude hq describe the spatial properties of the metastable
glassy state. The critical glass form factor fq

c gives the long-
lived component of density fluctuations, and hq captures lo-
cal particle rearrangements. Both can be taken as constants
independent of shear rate and density, as they are evaluated
from the vertices in Eq. �13� at the transition point. All time
dependence and �sensitive� dependence on the external con-
trol parameters are contained in the function G, which often
is called “�-correlator” and obeys the nonlinear stability
equation

�̃ − c��̇���̇t�2 + �G2�t� =
d

dt
�

0

t

dt�G�t − t��G�t�� , �16�

with initial condition

G�t → 0� → �t/t0�−a. �17�

The two parameters � and c��̇� in Eq. �16� are determined by
the static structure factor at the transition point, and take
values around ��0.73 and c��̇��0.65 for Sq taken from
Percus–Yevick approximation2 for hard sphere
interactions.41,42,54 The transition point then lies at packing
fraction �c= �4� /3�ncRH

3 �0.52 �index c for critical�, and the
separation parameter measures the relative distance, �̃=C�
with �=�−�c where C�1.3. The “critical” exponent a is
given by the exponent parameter � via �=��1−a�2 /��1
−2a�.3,27

The time scale t0 in Eq. �17� provides the means to
match the function G�t� to the microscopic, short-time dy-
namics. Equations �11� and �12� contain a simplified descrip-
tion of the short-time dynamics in colloidal dispersions via
the initial decay rate �q�t�. From this model for the short-
time dynamics, the time scale t0�1.610−2RH

2 /D0 is obtained.
Solvent mediated effects on the short-time dynamics are well
known and are neglected in �q�t� in Eq. �11�. Within the ITT
approach, one finds that if hydrodynamic interactions were
included in Eq. �11�, all of the mentioned universal predic-
tions would remain true. Only the value of t0 will be shifted
and depend on the short-time hydrodynamic interactions. For
the quiescent glass transition, this has been discussed within
MCT,55 and ITT extends this to driven cases. This statement
remains valid in ITT, as long as the hydrodynamic interac-
tions do not affect the mode coupling vertex in Eq. �13�. In
this sense, hydrodynamic interactions can be incorporated
into the theory of the glass transition, and amount to a res-
caling of the matching time t0, only.

Obviously, the matching time t0 also provides an upper
cutoff for the time window of the structural relaxation. At
times shorter than t0, the specific short-time dynamics mat-
ters. The condition �̇t0�1 follows and translates into a re-
striction for the accessible range of shear rates, �̇��̇*, where
the upper cutoff shear rate �̇* is connected to the matching
time.

The parameters �, �, and c��̇� in Eq. �16� can be deter-
mined from the equilibrium structure factor Sq at or close to
the transition, and, together with t0 and the shear rate �̇ they
capture the essence of the rheological anomalies in dense
dispersions. A divergent viscosity follows from the predic-
tion of a strongly increasing final relaxation time in G in the
quiescent fluid phase

G�t → 
,� � 0,�̇ = 0� → − �t/��b with
t0

�
� �− ���.

�18�

The entailed temporal power law, termed von Schweidler
law, initiates the final decay of the correlators, which has a

density and temperature independent shape ̃q�t̃�. The final
decay, often termed �-relaxation, depends on � only via the
time scale ����, which rescales the time, t̃= t /�. Equation
�16� establishes the crucial time scale separation between t0

and �, the divergence of �, and the stretching �nonexponen-
tiality� of the final decay; it also gives the values of the
exponents via �=��1+b�2 /��1+2b�, and �= �1 /a+1 /b� /2.
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Using Eq. �10�, the divergence of the Newtonian viscosity
follows.3,27 During the final decay, the shear modulus be-
comes a function of rescaled time, g̃�t̃= t /� , �̇=0�, leading to
�0�����; its initial value is given by the elastic constant at
the transition, g̃�t̃�1,�→0− , �̇=0�=G


c .
On the glassy side of the transition, ��0, the transient

density fluctuations stays close to a plateau value for inter-
mediate times, which increases when going deeper into the
glass,

G�t0 � t � 1/��̇�,� � 0� →� �

1 − �
+ O��� . �19�

Entered into Eq. �10�, the square-root dependence of the pla-
teau value translates into the square-root anomaly of the elas-
tic constant G
, and causes the increase of the yield stress
close to the glass transition.

Only, for vanishing shear rate, �̇=0, an ideal glass state
exists in the ITT approach for steady shearing. All density
correlators arrest at a long-time limit, which from Eq. �19�
close to the transition is given by q�t→
 ,��0, �̇=0�
= fq= fq

c +hq��̃ / �1−��+O��̃�. Consequently the modulus re-
mains elastic at long times, g�t→
 ,��0, �̇=0�=G
�0.
Any �infinitesimal� shear rate, however, melts the glass and
causes a final decay of the transient correlators. The function
G initiates the decay around the critical plateau of the tran-
sient correlators and sets the common time scale for the final
decay under shear

G�t → 
,� � 0� → −� c��̇�

� − 1
2

��̇t� . �20�

Under shear, all correlators decay from the plateau as a func-
tion of ��̇t�. Steady shearing thus prevents nonergodic arrest
and restores ergodicity. This aspect of Eq. �16� has two im-
portant ramifications for the steady state of shear molten
glasses.41,42 First, ITT finds that shear melts a glass and pro-
duces a unique steady state at long times. This conclusion is
restricted by the assumption of homogeneous states and ex-
cludes the possible existence of ordering or layering under
shear. Also, aging was neglected, which could remain be-
cause of nonergodicity in the initial quiescent state. �Ergod-
icity of the sheared state, however, suggests aging to be un-
important under shear.36,35� Second, all stationary averages,
which in ITT are obtained from integrating up the transient
fluctuations, do not exhibit a linear response regime in the
glass. Rather, they take finite values for vanishing shear rate,
which discontinuously jump at the glass transition. This
holds because the shear-driven decay of Eq. �20� initiates a
scaling law where the transient correlators decay as a func-
tion of ��̇t� down from the plateau fq to zero, denoted as
q

+�t � �̇ � �. When entered into Eq. �7�, time appears only in
the combination together with shear rate and thus after time
integration the shear rate dependence drops out, yielding a
finite result even in the limit of infinitesimal shear rate. A
prominent example of a stationary average that has no linear
response regime with respect to �̇ in the glass phase is the
shear stress ���̇ ,��0�. It takes finite values for vanishing
shear rate, �+���=���̇→0,��0�, and jumps at the glass
transition from zero to a finite value. Because of Eq. �19�, it

rapidly increases when moving deeper into the glass.

IV. SCHEMATIC MODEL

The universal aspects described in the previous section
are contained in any ITT model that contains the central
bifurcation scenario and recovers Eqs. �15� and �16�. Equa-
tion �15� states that spatial and temporal dependencies de-
couple in the intermediate time window. Thus, it is possible
to investigate ITT models without proper spatial resolution.
Because of the technical difficulty to evaluate the anisotropic
functionals in Eqs. �10� and �12�, it is useful to restrict the
description to few or to a single transient correlator. In the
schematic F12

��̇�-model,42 a single ’typical’ density correlator
�t�, conveniently normalized according to �t→0�=1−�t,
obeys a Zwanzig–Mori memory equation, which is modeled
according to Eq. �11� as follows:

�t�t� + ���t� + �
0

t

dt�m�t − t���t��t��� = 0. �21�

The parameter � mimics the microscopic dynamics of the
“typical” density correlator chosen in Eq. �21�, and will de-
pend on structural and hydrodynamic correlations. The
memory function describes stress fluctuations, which become
more sluggish together with density fluctuations, because
slow structural rearrangements dominate all quantities. A
self-consistent approximation closing the equations of mo-
tion is made mimicking Eq. �12�. In the F12

��̇�-model, one
includes a linear term �absent in Eq. �12�� in order to �i�
sweep out the full range of � values in Eq. �16�, and �ii�
retain algebraic simplicity as follows:

m�t� =
v1�t� + v22�t�

1 + ��̇t/�c�2 . �22�

This model, for the quiescent case �̇=0, had been sug-
gested by Götze in 1984,27,56 and describes the development
of slow structural relaxation upon increasing the coupling
vertices vi�0; they mimic the dependence of the vertices in
Eq. �12� at �̇=0 on the equilibrium structure given by Sq.
Under shear, an explicit time dependence of the couplings in
m�t� captures the accelerated loss of memory by shear advec-
tion in Eq. �12�. Shearing causes the dynamics to decay for
long times, because fluctuations are advected to smaller
wavelengths where small scale Brownian motion relaxes
them. Equations �21� and �22� lead, with �t�= fc+ �1
− fc�2G�t ,� , �̇�, and the choice of the vertices v2=v2

c =2, and
v1=v1

c +��1− fc� / fc, where v1
c =0.828, to the critical glass

form factor fc=0.293 and to the stability Equation �16�, with
parameters

� = 0.707, c��̇� = 0.586/�c
2, and t0 = 0.426/� .

The choice of transition point �v1
c ,v2

c� is motivated by its
repeated use in the literature. Actually, there is a line of glass
transitions where the long-time limit f =�t→
� discontinu-
ously jumps. It is parametrized by �v1

c ,v2
c�= ��2�−1� ,1� /�2

with 0.5���1, and fc=1−�. The present choice is just a
typical one, which corresponds to the given typical �-value.
The separation parameter � is the crucial control parameter
as it takes the system through the transition. The parameter
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�c is a scale for the magnitude of strain that is required in
order for the accumulated strain �̇t to matter.57 In Eq. �16�, it
is connected to the parameter c��̇�.

For simplicity, the quadratic dependence of the general-
ized shear modulus on density fluctuations is retained from
the microscopic Equation �10�. It simplifies because only one
density mode is considered, and as, for simplicity, a possible
dependence of the vertex �prefactor� v� on shear is neglected

g�t� = v�2�t� + �
��t� . �23�

The parameter �
 characterizes a short-time, high frequency
viscosity and models viscous processes, which require no
structural relaxation. Together with ��t0�, it is the only model
parameter affected by solvent mediated interactions. Steady
state shear stress under constant shearing, and viscosity then
follow via integrating up the generalized modulus

� = ��̇ = �̇�
0




dt g�t� = �̇�
0




dt v�2�t� + �̇�
. �24�

Also, when setting shear rate �̇=0 in Eqs. �21� and �22�, so
that the schematic correlator belongs to the quiescent, equi-
librium system, the frequency-dependent moduli are ob-
tained from Fourier transforming

G���� + iG���� = i��
0




dt e−i�tv��2�t���̇=0 + i��
.

�25�

Because of the vanishing of the Fourier integral in Eq. �25�
for high frequencies, the parameter �
 can be identified as
high frequency viscosity

lim
�→


G����/� = �

� with �


� = �
. �26�

At high shear, on the other hand, Eq. �22� leads to a vanish-
ing of m�t�, and Eq. �21� gives an exponential decay of the
transient correlator, �t�→e−�t for �̇→0. The high shear
viscosity thus becomes

�

�̇ = lim

�̇→

���̇�/�̇ = �
 +

v�

2�
= �


� +
v�

2�
. �27�

Representative solutions of the F12
��̇�-model are summarized in

Fig. 2, which bring out the discussed universal aspects in-
cluded in all ITT models.

V. EXPERIMENTAL SYSTEM AND METHODS

The particles consist of a solid core of poly�styrene�
onto which a network of cross-linked poly�N-isopropylacry-
lamide� �PNIPAM� is affixed. The degree of cross-linking of
the PNIPAM shell effected by the cross-linker
N ,N�-methylenebisacrylamide �BIS� was 5 mol %. The
core-shell type PS-NIPAM particles were synthesized, puri-
fied, and characterized as described in Ref. 60. Immersed in
water, the shell swells at low temperatures. Raising the tem-
perature above 32 °C leads to a volume transition within the
shell. To investigate the structure and swelling of the par-
ticles, cryogenic transmission electron microscopy and dy-
namic light scattering have been used.

Screening the remaining electrostatic interactions by
adding 5�10−2 mol L−1 KCl, the system crystallizes as hard
spheres.22 Experimental details on the characterization of the
particles and on the determination of the effective volume
are given elsewhere.45 The dependence of �eff on the tem-
perature is given by the hydrodynamic radius RH determined
from the dynamic light scattering in the dilute regime. RH

was linearly extrapolated between 14 and 25 °C
�RH=−0.859 25T+123.78 with T the temperature in °C� as
described recently22 and �eff was calculated following the
relation

�eff = kc�RH

R
�3

�28�

with R the radius of the core determined by cryogenic trans-
mission electron microscopy �R=52 nm�,22 c the concentra-
tion in wt %, and k a rescaling constant. In order to deter-
mine k, an experimental phase diagram has been achieved by
determining the crystal fraction of the samples from the po-
sition of the coexistence liquid-crystal boundaries after sedi-
mentation. This was linearly extrapolated to identify the be-
ginning and the end of the coexistence domain. The
experimental phase diagram of the suspensions of the core-
shell particles was rescaled with the constant k=0.4814 to
the freezing volume fraction for hard spheres �F=0.494.61

Three instruments were employed in the present study to
investigate the rheological properties of the suspensions. The
flow behavior and the linear viscoelastic properties for the
range of the low frequencies were measured with a stress-
controlled rotational rheometer MCR 301 �Anton Paar�,
equipped with a Searle system �cup diameter: 28.929 mm,
bob diameter: 26.673 mm, and bob length: 39.997 mm�.
Measurements have been performed on a 12 ml solution and
the temperature was set with an accuracy of �0.05 °C. The
shear stress � versus the shear rate �̇ �flow curve� was mea-
sured after a preshearing of �̇=100 s−1 for 2 min and a
timesweep of 1 h at 1 Hz and 1% deformation in the linear
regime. The flow curves experiment were performed setting
�̇, first with increasing �̇ from �̇=10−4 to 103 s−1 with a
logarithmic time ramp from 600 to 20 s, and then with de-
creasing �̇. The stationarity has been checked by step flow
experiments in the glassy state for the highest effective vol-
ume fraction ��eff=0.622�. The frequency dependence of the
loss G� and elastic G� moduli has been measured for 1%
strain from 15 to 10−3 Hz with a logarithmic time ramp from
20 to 600 s. The dependence upon the strain has been
checked and confirms that all the measurements were per-
formed in the linear regime. The frequency dependence was
tested for two different sample histories. The experiments
were first performed without preshearing after the
timesweep, before the flow curves experiments, and then af-
ter the flow curves experiments 10 s after 2 min preshearing
at �̇=100 s−1 to melt eventual crystallites. We only consid-
ered experiments performed after preshearing in the follow-
ing discussion of G� and G� for the lowest frequencies.

Additional rheological experiments were carried out on a
piezoelectric vibrator62 �PAV� and cylindrical torsional
resonator63,64 supplied by the Institut für dynamische Mate-
rialprüfung, Ulm, Germany. The PAV was operated from
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10 to 3000 Hz. The solution is placed between two thick
stainless steel plates. The upper one remains static whereas
the lower is cemented to piezoelectric elements. The gap was
adjusted with a 100 �m ring. One set of piezoelectric ele-
ments is driven by an ac voltage to induce the squeezing of
the material between the two plates, whereas the second set
gives the output voltage. Experimental details concerning
this instrument are given elsewhere.62 Only the measure-
ments in the glassy state have been performed with the PAV
as the instrument does not allow any preshearing.

The cylindrical torsional resonator used was operated at
a single frequency �26 kHz�. The experimental procedure
and the evaluation of data have been described recently.63,64

The effect of the shear rate �̇ on the particle dynamics is
measured by the Peclet number,2 Pe0= �̇RH

2 /D0, which com-
pares the rate of shear flow with the time an isolated particle
requires to diffuse a distance identical to its radius. Similarly,
frequency will be reported in the following rescaled by this
diffusion time, ��=�RH

2 /D0. The self-diffusion coefficient
D0 at infinite dilution was calculated from the hydrodynamic
radius RH and the viscosity of the solvent �s with the Stokes–

Einstein relation so that D0=kBT /6��SRH. In dense disper-
sions, however, the structural rearrangements proceed far
slower than diffusion at infinite dilution, and therefore, very
small Peclet numbers and rescaled frequencies �� are of in-
terest in the following. Stresses will be measured in units of
kBT /RH

3 in the following.

VI. COMPARISON OF THEORY AND EXPERIMENT

Shear stresses measured in nonlinear response of the dis-
persion under strong steady shearing, and frequency-
dependent shear moduli arising from thermal shear-stress
fluctuations in the quiescent dispersion were measured and
fitted with results from the schematic F12

��̇�-model. Some re-
sults from the microscopic MCT for the equilibrium moduli
are included also; see Sec. VI C for more details.65 In the
following discussion, we first start with more general obser-
vations on typical fluid- and glasslike data, and then proceed
to a more detailed analysis. Figures 3 and 4 show measure-
ments in fluid states, at �eff=0.540 and �eff=0.567, respec-
tively, while Fig. 5 was obtained in the glass at �eff=0.627.

FIG. 3. �Color� The reduced flow curves and the corresponding moduli for
a fluid state at 13.01 wt %, T=20 °C, and �eff=0.540. Flow curves mea-
sured proceeding from higher to lower shear rates �called down flow curves�
and dynamic experiments were fitted where effects from crystallization can
be neglected; the lower limits of the unaffected-data regions are marked by
vertical bars. The red lines show the fits with the schematic F12

��̇�-model while
the blue lines show the results from microscopic MCT �solid G�, broken
G��, with parameters: �=−0.05, DS /D0=0.15, and �
=0.3kBT / �D0RH�; the
moduli were scaled up by a factor cy =1.4.

FIG. 4. �Color� The reduced flow curves and the corresponding moduli �like
in Fig. 3� for a fluid state at 13.01 wt %, T=18 °C, and �eff=0.567. The
vertical bars mark the minimal Peclet number or rescaled frequency for
which the influence of crystallization can be neglected. Microscopic param-
eters: �=−0.01, DS /D0=0.15, and �
=0.3kBT / �D0RH�; moduli scale factor
cy =1.4.
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From the fits to all �eff, the glass transition value �eff
c =0.58

was obtained, which agrees well with the measurements on
classical hard sphere colloids.6,7,10

A. Crystallization effects

We start the comparison of experimental and theoretical
results by recalling the interpretation of time in the ITT ap-
proach. Outside the linear response regime, both �t� and
g�t� describe the decorrelation of equilibrium, fluidlike fluc-
tuations under shear and internal motion. Integrating through
the transients provides the steady state averages, such as the
stress. While theory finds that transient fluctuations always
relax under shear, real systems may either remain in meta-
stable states if �̇ is too small to shear melt them, or undergo
transitions to heterogeneous states for some parameters. In
these circumstances, the theory cannot be applied, and the
rheological response of the system, presumably, is dominated
by the heterogeneities. Thus, care needs to be taken in ex-
periments, in order to prevent phase transitions, and to shear
melt arrested structures, before data can be recorded.

The small size polydispersity of the present particles en-
ables the system to grow crystallites according to its equilib-
rium phase diagram. Fortunately, when recording flow
curves, viz., stress as function of shear rate, data can be taken
when decreasing the shear rate. We find that the resulting
“down” flow curves correspond to amorphous states and
reach the expected low-�̇ asymptotes ��=�0�̇, see Fig. 3�,
except for very low �̇, when an increase in stress indicates
the formation of crystallites. “Up” flow curves, however, ob-
tained when moving upwards in shear rate during the mea-
surement of the stress are affected by crystallites formed af-
ter the initial shearing at 100 s−1 during the timesweep and
the first frequency sweep experiments. See the hysteresis be-
tween up and down flow curves in Figs. 3 and 4, where
measurements for two fluid densities are reported. Above a
critical shear rate �̇cr�4 s−1, no hysteresis has been ob-
served, which proved that all the crystallites have been mol-
ten. In the present work, we focus on the down flow curves,
and consider only data taken either for �̇��̇cr, or �for �̇
��̇cr� before the time crystallization sets in. This time was
estimated from timesweep experiments as the time where
crystallization caused a 10% deviation of the complex modu-
lus G*. Thus, only the portions of the flow curves unaffected
by crystallization are taken into account; in Figs. 3 and 4,
vertical bars denote the limits. We find that the effect of
crystallization on the flow curves is maximal around �
=0.55 and becomes progressively smaller and shifts to lower
shear rates for higher densities; see Figs. 3–5. This agrees
with the notion that the glass transition slows down the ki-
netics of crystallization and causes the average size of crys-
tallites to shrink.7 For the highest densities, which are in the
glass without shear, the hysteresis at the lowest �̇ can be
attributed to a nonstationarity of the up curve; see Fig. 5.
This effect has been confirmed by step flow experiments, but
does not affect the back curves.

The linear response moduli similarly are affected by the
presence of small crystallites at low frequencies. G���� and
G���� increase above the behavior expected for a solution
�G���→0�→�0� and G���→0�→c�2� even at low den-
sity, and exhibit elastic contributions at low frequencies �ap-
parent from G�����G�����; see Figs. 3 and 4 This effect
follows the crystallization of the system during the measure-
ment after the shearing at �̇=100 s−1. Only data will be con-
sidered in the following, which were collected before the
crystallization time. For higher effective volume fraction,
other effects such as aging and an ultraslow process had to
be taken into account and will be discussed more in detail in
the next section.

B. Shapes of flow curves and moduli and their
relations

The flow curves and moduli exhibit a qualitative change
when increasing the effective packing fraction from around
50% to above 60%. For lower densities �see Fig. 3�, the flow
curves exhibit a Newtonian viscosity �0 for small shear rates,
followed by a sublinear increase of the stress with �̇, viz., a
region of shear thinning behavior. For the same densities, the
frequency-dependent spectra exhibit a broad peak or shoul-

FIG. 5. �Color� The reduced flow curves and the corresponding moduli for
a glass state at 13.01 wt %, T=14 °C, and �eff=0.622. See Fig. 3 for further
explanations. Microscopic parameters: �=0.03, DS /D0=0.08, and �


=0.3kBT / �D0RH�; moduli scale factor cy =1.4 �blue�. Curves from the sche-
matic F12

��̇�-model with an additional dissipative process included �Eq. �A1��
are shown as dashed lines; �=10−7� �long dashes, light green� and �
=10−8� �short dashes, dark green�. Here, �=88D0 /RH

2 . The red curves give
the schematic model calculations for identical parameters but without addi-
tional dissipative process �viz., �=0�.
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der, which corresponds to the final or �-relaxation discussed
in Sec. III. Its peak position �or alternatively the crossing of
the moduli, G�=G�� is roughly given by ��=1 �see Fig. 4�.
These properties characterize a viscoelastic fluid. For higher
density, see Fig. 5, the stress in the flow curve remains above
a finite yield value even for the smallest shear rates investi-
gated. The corresponding storage modulus exhibits an elastic
plateau at low frequencies. The loss modulus drops far below
the elastic one. These observations characterize a soft solid.
The loss modulus rises again at very low frequencies, which
may indicate that the colloidal solid at this density is meta-
stable and may have a finite lifetime �an ultraslow process is
discussed in Sec. VI E�.

Simple relations, such as the “Cox–Merz rule,” have
sometimes been used in the past to compare the shapes of the
flow curves ���̇� with the shapes of the dissipative modulus
G����. Both quantities can be interpreted in terms of a �gen-
eralized� viscosity, on the one hand as function of shear rate
���̇�=���̇� / �̇, and on the other hand as function of fre-
quency ����=G���� /�. The Cox–Merz rule states that the
functional forms of both viscosities coincide.

Figures 3–5 provide a sensitive test of relations in the
shapes of ���̇� and G����. Figure 4 shows most conclusively
that no simple relation between the far-from equilibrium
stress as a function of external rate of shearing exists with
the equilibrium stress fluctuations at the corresponding fre-
quency. While ���̇� monotonically increases, the dissipative
modulus G���� exhibits a minimum for fluid states close to
the glass transition. It separates the low-lying final relaxation
process in the fluid from the higher frequency relaxation.

As shown in Fig. 2, the frequency dependence of G� in
the minimum region is given by the scaling function G of
Sec. III, which describes the minimum as a crossover be-
tween two power laws. The approximation for the modulus
around the minimum

G���� �
Gmin

a + b
b� �

�min
�a

+ a��min

�
�b� �29�

has been found in the quiescent fluid ���0, �̇=0�, and quan-
titatively works if the relaxation time � is large, viz., time
scale separation holds for small ���.27 The parameters in this
approximation follow from Eqs. �17� and �18�, which give
Gmin��−� and �min� �−��1/2a. For packing fractions too far
below the glass transition, the final relaxation process is not
clearly separated from the high frequency relaxation. This
holds in Fig. 3, where the final structural decay process only
forms a shoulder. Closer to the transition, in Fig. 4, it is
separated, but crystallization effects prevent us from fitting
Eq. �29� to the data.

Asymptotic power-law expansions of ���̇� exist close to
the glass transition, which were deduced from the stability
analysis in Sec. III;42,59,68 yet we refrain from entering their
detailed discussion and describe the qualitative behavior in
the following. For the same parameters in the fluid, where
the minimum in G���� appears, the flow curves follow an
S-shape in a double logarithmic plot, crossing over from a
linear behavior �=�0�̇ at low shear rates to a downward
curved piece, followed by a point of inflection, and an up-
ward curved piece, which finally goes over into a second

linear behavior at very large shear rates, where �=�

�̇�̇. This

S-shape can be recognized in Figs. 3 and 4. Because of the
finite slope of log10 � versus log10 �̇ at the point of inflection,
one may speculate about an effective power-law log10 ��c
+c� log10 �̇. In Fig. 3, this happens at Pe0�10−2. Yet, the
power law is only apparent because the point of inflection
moves, the slope changes with distance to the glass transi-
tion, and the linear bit in the flow curve never extends over
an appreciable window in �̇.59

Nontrivial power laws in the flow curves exist close to
the transition itself. At �=0, a generalized Hershel–Bulkeley
law holds

���̇ → 0� → �c
+�1 + � �̇

�̇*
�m

+ c2� �̇

�̇*
�2m

+ c3� �̇

�̇*
�3m� �30�

and describes the flow curves over an appreciable part of the
range �̇��̇*, where structural relaxation dominates the
stress;59,68 the exponent is m=0.143 in the F12

��̇�-model for
this �. It provides a semiquantitative fit of the flow curves for
more than a decade in �̇ close to the glass transition, as
shown in Fig. 6. There, ��� is quite small at these effective
packing fractions. A qualitative difference of the glass flow
curves to the fluid S-shaped ones, is that the shape of ���̇�
constantly has an upward curvature in double logarithmic
representation. The yield stress can be read off by extrapo-
lating the flow curve to vanishing shear rate. In Fig. 5, this
leads to a value �+�0.24kBT /RH

3 at �eff=0.622, which is in
agreement with previous measurements in this system over a
much reduced window of shear rates.22,58 While this agree-
ment supports the prediction of an dynamic yield stress in
the ITT approach, and demonstrates the usefulness of this
concept, small deviations in the flow curve at low �̇ are
present in Fig. 5. We postpone to Sec. VI E the discussion of

FIG. 6. �Color� Flow curves for �eff=0.580 �diamonds� and �eff=0.608
�circles� rescaled with the parameters from the respective F12

��̇�-model fits; the
corresponding fits are given as red solid lines, with separation parameter �
=−2�10−4 ��eff=0.580� and �=3�10−4 ��eff=0.608�. The blue dashed
curves gives the generalized Hershel–Bulkley law from Eq. �30�, which
holds at �=0; for the F12

��̇�-model, its parameters are �̇
*

=5.06�10−5�

=2.16�10−5 / t0 �corresponding to a Peclet number Pe
0
*=4.25�10−3 at

�eff=0.608�, c2�0.936, and c3�0.632. The green solid curve is the �criti-
cal� flow curve at �=0. The magenta dashed straight line labeled �


�̇ denotes
the high shear asymptote Eq. �27�.
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these deviations, which indicate the existence of an addi-
tional slow dissipative process in the glass. Its signature is
seen most prominently in the loss modulus G���� in Fig. 5.

The storage modulus of the glass shows striking elastic
behavior. G���� exhibits a near plateau over more than three
decades in frequency, which allows us to read off the elastic
constant G
 easily.

C. Microscopic MCT results

Included in Figs. 3–5 are calculations using the micro-
scopic MCT given by Eqs. �10�–�14� evaluated for hard
spheres.65 This is presently possible without shear only
��̇=0�, because of the complications arising from anisotropy
and time dependence in Eq. �12�. The a priori unknown,
adjustable parameter is the matching time scale t0, which we
adjusted by varying the short-time diffusion coefficient ap-
pearing in the initial decay rate in Eq. �11�. The computa-
tions were performed with �q�t���q=Dsq

2 /Sq, and values
for Ds /D0 are reported in the captions of Figs. 3–5, and in
Table I. The viscous contribution to the stress is again mim-
icked by including �
 like in Eq. �25�.

Gratifyingly, the stress values computed from the micro-
scopic approach are close to the measured ones; they are too
small by 40% only, which may arise from the approximate
structure factors entering the MCT calculation; the Percus–
Yevick approximation was used here.2 In order to compare
the shapes of the moduli, the MCT calculations were scaled
up by a factor cy =1.4 in Figs. 3–5. Microscopic MCT also
does not hit the correct value for the glass transition point.3,27

It finds �c
MCT=0.516, while our experiments give �c

exp

�0.58. Thus, when comparing, the relative separation from
the respective transition point needs to be adjusted as, obvi-
ously, the spectra sensitively depend on the distance to the
glass transition; the fitted values of the separation parameter
� are included in Fig. 8.

Considering the low frequency spectra in G���� and
G����, microscopic MCT and schematic model provide com-
pletely equivalent descriptions of the measured data. Differ-
ences in the fits in Figs. 3–5 for �RH

2 /D0�1 only remain
because of slightly different choices of the fit parameters,
which were not tuned to be close. These differences serve to
provide some estimate of uncertainties in the fitting proce-
dures. The main conclusion of the comparisons is the agree-

ment of the moduli from microscopic MCT, schematic ITT
model, and from the measurements. This observation
strongly supports the universality of the glass transition sce-
nario, which is a central line of reasoning in the ITT ap-
proach to the nonlinear rheology.

At large �̇ and large �, hydrodynamic interactions be-
come important. In the flow curves, �


�̇ , and, in the loss
modulus, �


� become relevant parameters, and the structural
relaxation captured in ITT and MCT is not sufficient alone to
describe the rheology. Qualitative differences appear in the
moduli, especially in G����, between the schematic model
and the microscopic MCT. While the storage modulus of the
F12

��̇�-model crosses over to a high-� plateau already at rather
low �, the microscopic modulus continues to increase for
increasing frequency, especially at lower densities; see the
region ��102D0 /RH

2 in Figs. 3 and 4. The latter aspect is
connected to the high frequency divergence of the shear
modulus of particles with hard sphere potential,13 as captured
within the MCT approximation.50,65 As carefully discussed
by Lionberger and Russel,53 lubrication forces may suppress
this divergence and its observation thus depends on the sur-
face properties of the colloidal particles. Clearly, the region
of �rather� universal properties arising from the nonequilib-
rium transition between shear-thinning fluid and yielding
glass is left here, and particle specific effects become impor-
tant.

D. Parameters

In the microscopic ITT approach from Sec. II, the rhe-
ology is determined from the equilibrium structure factor Sq

alone. This holds at low enough frequencies and shear rates,
and excludes the time scale parameter t0 of Eq. �17�, which
needs to be found by matching to the short-time dynamics.
This prediction has as consequence that the flow curves and
moduli should be a function only of the thermodynamic pa-
rameters characterizing the present system, viz., its structure
factor.

Figure 7 supports this claim by proving that the rheo-
logical properties of the dispersion only depend on the effec-
tive packing fraction, if particle size is properly taken ac-
count of. Figure 7 collects flow curves and moduli measured
for different concentrations of particles according to weight,
and for different radii RH adjusted by temperature. Whenever
the effective packing fraction, �eff= �4� /3�nRH

3 , is close, the
rheological data overlap in the window of structural dynam-
ics. Obviously, appropriate scales for frequency, shear rate,
and stress magnitudes need to be chosen to observe this. The
dependence of the vertices on Sq �Eqs. �10� and �13�� sug-
gests that kBT sets the energy scale as long as repulsive in-
teractions dominate the local packing. The length scale is set
by the average particle separation, which can be taken to
scale with RH in the present system. The time scale of the
glassy rheology within ITT is given by t0 from Eq. �17�,
which we take to scale with the measured dilute diffusion
coefficient D0. Thus, the rescaling of the rheological data can
be done with measured parameters alone. Figure 7 shows
quite satisfactory scaling. Whether the particles are truly
hard spheres is not of central importance to the data collapse

TABLE I. Parameters of the fits with the microscopic MCT to the linear-
response moduli G���� and G����. The first two columns of separation
parameter � and short-time diffusion coefficient ratio Ds /D0 correspond to
the fits shown in Figs. 3–5 and 11 �solid lines�, while the second columns of
�� and Ds� /D0 correspond to the dashed lines in Fig. 11; when no value is
given, the values from the first two columns apply. In all cases, cy =1.4 and
�
=0.3kBT / �D0RH� are used.

�eff � Ds /D0 �� Ds� /D0

0.527 −0.08 0.15
0.540 −0.05 0.15
0.567 −0.01 0.15
0.580 0.005 0.13 −0.01 0.15
0.608 0.02 0.11 −0.003 0.15
0.622 0.03 0.08 −0.003 0.15
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in Fig. 7 as long as the static structure factor agrees for the
�eff used. Fits with the F12

��̇�-model to all data are possible,
and are of comparable quality to the fits shown in Figs. 3–5.

The fitted parameters used in the schematic F12
��̇�-model

are summarized in Fig. 8. Parameters corresponding to iden-
tical concentrations by weight are marked by identical col-
ors. Within the scatter of the data, one may conclude that all
fit parameters depend on the effective packing fraction only.
This again supports the mentioned dependence of the glassy
rheology on the equilibrium structure factor. The initial rate
�, which sets t0, appears as a unique function of �eff, also; an
observation which is not covered by the present ITT ap-
proach. It suggests that hydrodynamic interactions appear
determined by �eff in the present system also.

Importantly, all fit parameters exhibit smooth and mo-
notonous drifts as function of the external thermodynamic
control parameter, viz., �eff here. Nevertheless, the moduli at
low frequencies �e.g., G���� at �RH

2 /D0=0.01�, or the
stresses at low shear rates �e.g. ���̇� at �̇RH

2 /D0=10−4�

change by more than an order in magnitude in Figs. 3–5.
Even larger changes may be obtained from taking experi-
mental data not shown, whose fit parameters are included in
Fig. 8. It is this sensitive dependence of the rheology on
small changes of the external control parameters that ITT
addresses.

When comparing the parameters from the schematic
model to the ones obtained from the microscopic MCT cal-
culation of the moduli, one observes qualitative and semi-
quantitative agreements; see the captions to Figs. 3–5, Table
I, and the upper inset of Fig. 8. For example, the increase of
the prefactor v� of stress fluctuations is captured in the mi-
croscopic vertex where Sq enters �this follows because the
rescaling factor cy is density independent�. Also, the hydro-
dynamic viscosity �
=�


� roughly agrees and may be taken
�eff-independent in the fits with the microscopic moduli. The
fitted values of �
 are actually not too different from the data
obtained in Stokesian dynamics simulations of true hard
spheres, supporting our simplified view on the particle
interactions.69 On closer inspection, one may notice that the
separation parameter of the microscopic hard sphere calcula-
tion obtains larger positive values than � fitted with the sche-

FIG. 7. �Color� The plots demonstrate that the reduced flow curves and the
reduced moduli are unique functions only depending on �eff. All flow curves
are down curves. The fits using the schematic F12

��̇�-model were performed
with the data points at 13.01 wt % taken before the onset of crystallization
�data to the right of the vertical bars�. Black diamonds: 12.10 wt % and
�eff=0.527. Black circles: 13.01 wt % and �eff=0.527. Red diamonds:
12.10 wt % and �eff=0.578. Red circles: 13.01 wt % and �eff=0.580. Green
diamonds: 13.01 wt % and �eff=0.608. Green circles: 13.58 wt % and �eff

=0.606.

FIG. 8. �Color� The fitted parameters of the F12
��̇�-model �open symbols�.

Black symbols: 10.75 wt %, red symbols: 12.10 wt %, green symbols:
13.01 wt %, and blue symbols: 13.58 wt %. � and �c are dimensionless.
Filled magenta symbols, included in the upper inset, give the � values fitted
in the microscopic MCT calculations for 13.01 wt %. The unit of v� is
kBT /RH

3 while � is given in units of D0 /RH
2 . The high frequency and high

shear viscosities �

�,�̇ are given in units of kBT / �D0RH�.
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matic model. Moreover, it follows an almost linear depen-
dence on the effective packing fraction as asymptotically
predicted by MCT, ��0.65��eff−�eff

c � /�eff
c with glass tran-

sition density �c=0.587 slightly higher than from the sche-
matic model fits. The differing behavior of the separation
parameter from the fits with the F12

��̇�-model in the glass is not
understood presently. The microscopic calculation signals
glassy arrest more clearly than the schematic model fit. The
short-time diffusion coefficient Ds /D0 in the microscopic
calculation decreases as expected from considerations of hy-
drodynamic interactions. Gratifyingly we find values in the
range of the short-time self-diffusion coefficient observed in
Stokesian dynamics simulations for hard spheres.70 The ini-
tial rate �, however, of the schematic model increases with
packing fraction. The ad hoc interpretatation of � as a mi-
croscopic initial decay rate evaluated for some typical

wavevector q*, viz., the ansatz �=Dsq*
2 /Sq

*
, thus apparently

does not hold.
While the model parameters adjusted in the fitting pro-

cedure only drift smoothly with density, the rheological
properties of the dispersion dramatically change. Figure 9
shows the Newtonian viscosity as obtained from extrapola-
tions of the fits in the F12

��̇�-model. It changes by six orders of
magnitude. From the combination of G����- and flow curve
data, we can follow this divergence over more than one de-
cade in direct measurement. From the divergence of �0, the
estimate of the critical packing fraction can be obtained us-
ing the power-law Equation �18�, because the exponent � is
known. We find �eff

c =0.580 in nice agreement with the value
expected for colloidal hard spheres. On the glass side, the
elastic constant and yield stress discontinuously jump into
existence. Reasonable values are obtained from the
F12

��̇�-model fits compared to data from comparable systems.
The strong increase of the elastic quantities upon small in-
creases of the density is apparent.

E. Additional dissipative process in glass

One of the major predictions of the ITT approach con-
cerns the existence of glass states, which exhibit an elastic
response for low frequencies under quiescent conditions, and
which flow only because of shear and exhibit a dynamic
yield stress under stationary shear. Figure 5 shows such
glassy behavior, as is revealed by the analysis using the sche-
matic and the microscopic model. Nevertheless, the loss
modulus G���� rises at low frequencies, clearly indicating
the presence of a dissipative process. It is not accounted for
by the present theory. Also, the storage modulus G����
shows some downward bend at the lowest frequencies.

These deviations cannot be rationalized by aging effects
or nonlinearities in the response; see Fig. 10. We checked the
dependence on time since quench to this glass state and also
the linear dependence of the stress on the shear amplitude.
While we find aging effects shortly after cessation of
preshear,26,33,34 these saturate after one day, when the drifts
of the spectra come to a stop. Aging effects do not qualita-
tively change the spectra, as the dissipative process appears
to possess a finite equilibrium relaxation time. As suggested
recently for dense PNIPAM microgel dispersions,26 the same
data have been plotted as a function of �t. Here, t is the total
waiting time and is defined as function of the waiting time tw

before starting the measurement and the time ��t��n�� ex-
pired between tw and the acquisition of the data as t= t��n�
= tw+��t��n��. The curves collapse on a master curve in the
low frequency range up to �t�3000 as expected from aging
theory for waiting time tw�8200 s. This prediction is no
more respected for longer waiting times, where an additional
relaxation process is identified. It cuts off the aging behavior,
when the age of the sample approaches the value of its re-
laxation time. This supports the introduction of a hopping

FIG. 9. �Color� Newtonian viscosity �0 �diamonds, left axis�, elastic con-
stant G
 �squares�, and yield stress �+ �circles; data rescaled by a factor 30;
both G
 and �+ right axis�, as functions of the effective packing fraction �eff

as obtained from the fits performed with the F12
��̇�-model. Filled symbols

indicate where direct measurements of �0 were possible. Black symbols:
10.75 wt %, red symbols: 12.10 wt %, green symbols: 13.01 wt %, and blue
symbols: 13.58 wt %. The line gives a power-law fit to the viscosity data
over the full range using the known �=2.34 exponent from MCT, log10 �0

=A−� log10��eff
c −�eff�; the critical packing fraction is found as �eff

c =0.580.
Horizontal bars denote the critical elastic constant G


c , and the critical yield
stress �c

+ as extrapolated from Fig. 6.

FIG. 10. �Color� The storage G���� and loss G���� moduli for different
waiting times tw. The data have been also plotted as function of �t as
suggested recently �Ref. 26�. See text for further explanation.
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phenomenon in our model, with a characteristic relaxation
time of the order of 104 s ��RH

2 /�D0=108RH
2 /�D0

=8.8103 s, see Fig. 5�.
Let us stress, moreover, that the state shown in Fig. 5 is

not a fluid state within the present approach. The presence of
an elastic window in G����, its increase as a function of
packing fraction, and the upward curvature of the flow
curves rule out a negative separation parameter ��0 of this
state at �eff=0.622. Calculations within the microscopic
MCT convincingly document this. Figure 11 compares the
MCT calculations for hard spheres with moduli ranging from
fluid to glassy states. By adjusting the effective packing frac-
tion, MCT semiquantitatively describes the dominating
modulus, either loss or storage one, for all states �corre-
sponding curves already shown in Figs 3–5�. At high con-
centrations, it describes the storage modulus G���� on an
error level of 1kBT /RH

3 , and misses the loss modulus G����
by a similar absolute error. Yet, because the latter is itself of
the order of G�����1kBT /RH

3 in the measurements, MCT
fails to adequately describe G����. If, however, the effective
packing fraction in the MCT calculations is adjusted to
match the loss modulus G����, then this fit completely fails
to capture G���� at high densities; see the dashed lines in

Fig. 11. Because the storage modulus, however, dominates
the linear mechanical response of the glass, the second fit
needs to be rejected. In conclusion, MCT correctly identifies
the transition to a glass at high densities with dominating
elastic response and yielding behavior under flow. It misses
an additional dissipative process, which contributes on the
10% level to the shear moduli and stresses in the frequency
and shear rate window explored in our experiments.

The existence of an additional dissipative process con-
tradicts the notion of “ideal” glass states as described by the
present ITT or MCT approach. Clearly, the system at �eff

=0.622 becomes a fluid at even longer times, or lower shear
rates and frequencies than observed in Fig. 5. This does not,
however, contradict the observation that the structural relax-
ation as captured in the ITT Equations has arrested. In an
extension of the ITT approach, it is possible to account for
the additional decay channel in a an extended schematic
model; see the Appendix for details. Results from this ex-
tended F12

��̇�-model are included in Fig. 5 and demonstrate
that none of the qualitative features discussed within ITT
change at finite frequencies or shear rates. The additional
process leads to fluid behavior at even lower � or �̇, and
needs to be taken into account only, if exceedingly small
frequencies or shear rates are tested; its relaxation time at
�eff=0.622 exceeds 108RH

2 /D0=8.8�103 s. It does not shift
the location of the “glass transition” as defined within the
idealized ITT �MCT� approach, because this is already deter-
mined by the shapes of the flow curves and spectra in the
observed windows.

VII. CONCLUSIONS

In the present study, we explored the connection between
the physics of the glass transition and the rheology of dense
colloidal dispersions, including in strong shear flow. Using
model colloidal particles made of thermosensitive core-shell
particles, we could investigate in detail the vicinity of the
transition between a �shear-thinning� fluid and a �shear-
molten� glass. The high sensitivity of the particle radius to
temperature enabled us to closely vary the effective packing
fraction around the critical value. We combined measure-
ments of the equilibrium stress fluctuations, viz., linear stor-
age and loss moduli, with measurements of flow curves, viz.,
nonlinear steady state shear stress versus shear rate, for iden-
tical external control parameters. In this way, we could verify
the consequences from the recent suggestion, that the glassy
structural relaxation can be driven by shearing and in turn
itself dominates the low shear or low frequency rheology.

In the employed theoretical approach, the equilibrium
structure as captured in the equilibrium structure factor Sq

sufficed to qualitatively describe all phenomena. As only ex-
ception, we observed an ultraslow decay of all glassy states
that is yet not accounted for by theory. Microscopic calcula-
tions were possible for the linear response quantities using
MCT applied to hard spheres. Schematic model calculations
were possible within the integration through transients ap-
proach, and simultaneously captured the linear and nonlinear
rheology using identical parameter sets. Semiquantitative
agreement between microscopic and schematic model calcu-

FIG. 11. �Color� Fits with microscopic MCT to the linear-response moduli
G���� �upper panel� and G���� �lower panel� for the packing fractions
�eff=0.527 �black diamonds and lines�, �eff=0.540 �violet�, �eff=0.567
�light blue�, �eff=0.580 �red�, �eff=0.608 �dark blue�, and �eff=0.622 �or-
ange�. Continuous lines give the fits optimized for describing the storage
modulus G����; these fits are also shown in Figs. 3–5, and the correspond-
ing parameters are included in Fig. 8, and summarized in the left two col-
umns in Table I. Broken lines for �eff=0.580 �red, overlapping with the solid
light blue curve�, and �eff=0.608 �dark blue; the same curve would fit �eff

=0.622� show microscopic MCT calculations attempting to fit the minima in
G���� enforcing negative separation parameters � �parameters included in
Table I�. These fluidlike spectra can rationalize G����, but qualitatively fail
to describe G����. Vertical bars in corresponding colors denote the frequen-
cies below which crystallization affects the data at the different �eff.
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lations and with the measured data for varying effective
packing fraction could be achieved adjusting a small number
of fit parameters in smooth variations.
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APPENDIX: EXTENDED MODEL INCLUDING HOPPING

The ITT Equations contain the feedback mechanism that
the friction increases because of slow structural rearrange-
ments. In the schematic F12

��̇�-model this is captured by the
approximation for the generalized friction kernel m�t� in Eq.
�22�. For �̇=0, it leads to nonergodic glass states at large
enough vertices v1,2. A dissipative process explaining the flu-
idity of glassy states should renormalize the diffusion kernel
��t�. Moreover, this mechanism should become more impor-
tant the longer the relaxation time in m�t�. If, however, the
additional dissipative process is too strong, all effects of the
bare ITT approach are smeared out and the described phe-
nomenology of the glass transition cannot be observed.

Götze and Sjögren found when considering �possibly un-
related� dissipative processes in simple liquids that this can
be achieved by splitting the diffusion kernel into two decay
channels, one connected to the original m�t�, and the other
one connected to the new dissipation mechanism. In order
for the second decay channel to take over in glassy states, it
suffices to model it by one additional parameter � in a linear
ansatz �dissip�t�=�m�t�. This leads to the following replace-
ment of Eq. �21� in the F12

��̇�-model:

�t�t� + ���t� + �
0

t

dt�m�t − t����t��t�� + � �t���� = 0.

�A1�

The memory function m�t� is still given by Eq. �22� because
shearing decorrelates arbitrary fluctuations via shear advec-
tion. All parameters of the model are kept as specified in Sec.
IV, and solutions of this extended model with parameter �
given in the caption are included in Fig. 5. Importantly, the
fluidlike behavior in the rheology at exceedingly small �̇ and
� can now be captured without destroying the agreement
with the original ITT at higher parameters. Apparently, a
single parameter � is not sufficient to model the nonexponen-
tial shape of the final relaxation process in the glass. Yet,
further extensions of the model in order to describe this non-
exponentiality go beyond our present aim.
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